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where the rst two labels are the usual quantum num-











jj;m;i = j(j + 1)jj;m;i and S
z
jj;m;i =
mjj;m;i. The third index, , labels dierent occur-
rences of the same representation j in the Clebsch-
Gordan decomposition of (1=2)

N
. Also from [8], one
can show that there exists an optimal continuous POVM,
dened by a complete set of positive projectors of the




j+   ]U
y
(~n), where
U (~n) is the element of SU(2) associated with the rota-
tion R : ~z 7! ~n, and jBi, jB
0
i, . . . , are xed states given





1 + ~z  ~n
2
hAjO(~n)jAi: (2)








2j + 1jj;mi, instead of employing all of
jBi, jB
0







for given quantum numbers j, m, we dene the eective














the information required to compute the MAF. For any
jAi of the form j "#"   i with n
"
spins up and n
#
spins


























J + 1 + j
s
(J  m)!(J +m)!

















































We have written equal quantum numbers m for jAi




, O(~n) would not be
a complete set of projectors on the whole Hilbert space





states do not use the full capabilities of Bob's measuring
device and the strategy cannot be optimal.
The maximal delity in (4) is attained for the minimal
value of jmj (this is m = 0 for N even and m = 1=2 for
N odd), i.e., for maximal antiparallel spins. In Table I
we collect the values of the MAF for up to N = 7 and





) [8] encodings. Note that antiparallel prod-
uct states lead to MAFs (F
A
) remarkably close to the
N 2 3 4 5 6 7
F
P
0.75 0.8 0.8333 0.8571 0.875 0.8889
F
A
0.7887 0.8444 0.8848 0.9069 0.9235 0.9342
F
O
0.7887 0.8449 0.8873 0.9114 0.9306 0.9429
I
P
0.6232 0.9180 1.1678 1.3827 1.5708 1.7376
I
A
0.8664 1.2816 1.7077 2.0079 2.2873 2.4897
I
O
0.8664 1.2925 1.7589 2.1086 2.4685 2.7548
TABLE I: Maximal average delities (F ) and information
gains (I) for parallel (P ), antiparallel (A) and optimal (O)
encodings
optimal ones. Moreover, one can easily prove that an-
tiparallel spins are better than parallel ones for encoding
a direction. We now show this for an even number of
spins, N = 2n, and m = 0, in which case the MAF (4)








































We would next like to study the large N asymptotic
behaviour of F
A
to see whether it exhibits the quadratic





have to compute (5) for large n. Notice rst that, using
the Stirling approximation, we have the following limit
n!
2
















+   

: (7)
Therefore, only terms with j 
p
n give a signicant
contribution to the sum in (5). Hence, it is legitimate
to expand the square root in (5) in powers of j. The






















     ; (8)
where in our case f(j=n) is the product of the right hand







ing into account all the relevant terms, one obtains that






+    = 1 
1
2N
+    : (9)
Therefore, antiparallel spin states lead to a MAF that
approaches unity in 1=N , faster than it does for parallel
3spins, but only because of the smaller negative coeÆcient
of the 1=N term (1=2 compared to 1). In this sense,
both types of encodings are qualitatively similar. The
quadratic behaviour of truly optimal states (which are
entangled) cannot be attained by any product state. It is
lengthier, but straightforward, to compute the subleading










To check that our results are not an arti-
fact of our particular gure of merit, we have also




(hAjO(~n)jAi), for parallel, antipar-
allel and optimal states. Our results are also collected
in Table I. We see that both, information gain and -
delity, exhibit the same pattern. Namely, optimal (en-
tangled) states lead to the largest I and F , but antipar-
allel spins have values very close to the optimal ones and
much larger than those of parallel spins.
Up to now we have dealt with continuous POVMs.
They are useful mathematical tools that simplify the cal-
culation of the MAF for any optimal measurement on an
isotropic distribution of directions. The projectors O(~n)
satisfy the closure relation
R
dnO(~n) = Ibecause the or-





, under the isotropic integration over
the unit sphere. However, only POVMs with a nite
number of outcomes can be realized in nature. Unfortu-
nately, nite POVMs are rather elusive because there is
no clear and unique denition of isotropy for a nite set
of directions (unit vectors) ~n
r
. We provide here a func-
tional denition, which will enable us to give a general
algorithm for constructing optimal and nite POVMs.
Moreover, it will become obvious that the problem of
discretizing a POVM is of geometrical nature.
In the context of this paper, we say that a nite set of
unit vectors ~n
r
is isotropically distributed up to spin J if
there exist positive weights fc
r
g such that the following











































is the equivalent of the





















=(2j + 1); and N (J)
is the number of elements of f~n
r







(; ; 0), where ~n =




are the standard Euler angles. The main dierence be-
tween the continuous orthogonality relation and (11) is
that the latter can only hold for j, j
0
up to a maximal
value J . The larger J is, the larger N (J) must be chosen.














L = 1; 2; : : : ; 2J ;





(; ) are the standard spherical harmonics.
Eq. 12 is very appealing since one can establish a phys-
ical analogy. If we view c
r
as a (positive) charge at the
position ~n
r
, Eq. 12 tell us that (11) is equivalent to the
requirement that electrostatic multipoles of order less or
equal to 2J vanish. The conditions (12) are exactly those
given in [3] for minimal and optimal POVMs in the case
of a signal state consisting of N parallel spins. We see
here that (12) are actually of much greater generality.


































Now (12) simply reads z
M
L
= 0 for all L and M listed
there. In the following, j and j
0
are required to satisfy
j; j
0
 J . The group theoretical results that will be used





















. Explicitly, (11) is equivalent to the

















































are the 3-j symbols and the sum runs
over all l satisfying the triangular condition (in partic-
ular l  2J). By direct substitution it is trivial to




. Therefore (12) are suÆcient conditions. To









and sum over m and m
0

































































Let us consider the possible cases in this equation sepa-
















must be zero for L = 1; 2; : : : ; 2J , since
the 3-j symbols are non-vanishing. The other case, i.e.,




the corresponding condition is trivially satised because
of the properties of the 3-j symbols [13]. This completes
the proof of the equivalence between (11) and (12).
From (12), and working along the same lines as
Derka et. al. [2], one can produce an algorithm for -
nite POVMs. Suppose J is integer (if it is not, con-
sider the nearest integer
^
J > J). We dene 2J + 1
angles 
s



















) = 0; L = 1; 2; : : : ; 2J; (17)
where P
L
is the Legendre polynomial of degree L. We
choose 
k
to be the 2J + 2 angles 
k
= k=(2J + 1);









,. . . ,
c
2J
always has a positive solution. Actually, c
k
> 1























distributed, i.e., (11) is satised.
The above algorithm enables us to discretize any opti-
mal continuous POVM. Just take the very same state(s)
jBi used to generate the projectors O(~n) and consider the
new (nite) set O(~n
r







trivial global normalization factor, fO(~n
r
)g denes a -
nite POVM. The nite measurement thus obtained leads
to the same delity as the continuous one we started with.
Moreover, since the conditions (12) are exactly those used
in [3] to obtain minimal POVMs, it is clear that this con-
struction also provides minimal POVMs for general jBi
states. For instance, the minimal POVM for N = 2 has
four outcomes pointing to the vertices of a tetrahedron,
while for N = 3 there are six outcomes corresponding to
the vertices of an octahedron.
Finally, we would like to note that, as far as the -
delity is concerned, Alice could also simulate a continu-
ous isotropic distribution of directions by using a nite
set f~n
r
g of isotropically distributed vectors (11) with a





delity will not change provided J  (2j + 1)=2, where j
is the total spin of the signal state (j = N=2 for a sys-
tem of N spins). For instance, if N = 2 and Alice uses
unit vectors pointing to the vertices of an octahedron
(J = 3=2) with equal probability 1=6, the maximal deli-
ties will be precisely those shown in Table I for a truly








In summary, product states of antiparallel spins repre-
sent an excellent balance between feasibility of construc-
tion and capability to communicate spin directions. For
small number of spins their maximal delity is remark-
ably close to the maximal value that can be possibly
achieved. For large N these states lead to an average -
delity that approaches unity faster than states with par-
allel spins, although they do not exhibit the quadratic
improvement of the optimal states. We have thus proven
that the truly optimal encoding necessarily requires en-
tanglement. We have also obtained a simple set of condi-
tions for constructing nite measurements. These condi-
tions work for any eigenstate of the total spin and, there-
fore, also holds for product states.
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